The observability of space object attitude from light curve data is analyzed. Light curves, which are the time-varying apparent brightness of sunlight reflected off a space object and measured by an observer, depend on the object position, attitude, surface material, shape, and other parameters. Previous work employing light curve data for shape estimation requires the availability of good attitude estimates. This paper explores the possibility of obtaining attitude information from the brightness measurements themselves. Some types of attitude estimate errors are detectable from individual brightness measurements, but other attitude errors lie in the nullspace of the Fisher information matrix and are not observable in the static case. Analytical expressions for the nullspace vectors are derived. The observability of the light curve model parameters is also briefly addressed.
I. Introduction
A major research topic in recent years has been space situational awareness, which is concerned with the identification and tracking of all space objects (SOs) in orbit around Earth. This task faces many challenges, one of the greatest of which is inadequate data due to the limited number of available sensors. Consequently, many research efforts focus on extracting as much information as possible from the data. For a given SO, it is standard to estimate position, velocity, and B * , which is related to ballistic coefficient. Other useful information which is less commonly estimated includes surface material properties and SO shape.
Shape estimation in particular is valuable for object identification, and shape may influence an object's orbit. Some shape estimation techniques have relied on radar measurements, but these methods are typically limited to SOs that have relatively low orbits and have an area larger than the radar signal wavelength.
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Other methods create a point cloud from a laser-radar (LADAR) three-dimensional scan, particularly as part of a filtering approach. 4, 5 Still other techniques employ pixel data from visual sensors. 6, 7 Vision-based methods typically have a high computational burden, and ground-based telescopes require high resolution.
Another possibility for shape estimation is an algorithm based on light curve data. Light curves are time-varying brightness measurements that result when sunlight reflects off of the surfaces of a moving SO and reaches an observer. Light curves have been used to estimate the size and shape of asteroids. 8, 9 In combination with thermal emissions, light curve data have been used to estimate the three-dimensional shape of an object. 10 Other efforts have focused on estimation of position and attitude, and the respective rates of those quantities. 11, 12 Light curves depend on the relative positions of the Sun, SO, and observer, the orientation and size of the SO surfaces, as well as surface material properties. Consequently, estimation of any of these characteristics could potentially be improved by incorporating light curve data.
All previous efforts that apply light curve data to shape estimation have required that the SO attitude be fairly well-known in advance. This assumption is generally a poor one if the object being tracked is sufficiently unknown to require estimation of its shape. Attitude determination algorithms typically rely on measurements from onboard sensors, particularly vector measurements. [13] [14] [15] [16] When suitable onboard sensors are not available, one possible solution is to use the light curve data itself to estimate the SO attitude. The goal of this paper is to examine the observability of attitude from light curve measurements. In particular, static observability is investigated analytically to determine what types of attitude errors can be detected from a single measurement of apparent brightness.
The remaining sections of this paper are organized as follows: Section II presents the assumed mathematical models for the SO shape, location, and attitude, as well as the assumed model for the light curve observations. In Section III, some observability concepts are reviewed and applied to the problem of interest. Section IV outlines necessary calculations for the observability analysis and discusses the results of those calculations from a qualitative perspective. Section V examines the observability of the light curve model parameters, and Section VI draws some conclusions.
II. Light Curve Measurement Model
The mathematical model for the light curve measurements requires two sets of equations. First, the SO shape, relative location and orientation must be characterized. Second, equations must be developed to describe the way that sunlight reflects off the SO and reaches an observer.
A. Shape Model and Scenario Configuration
Each SO is assumed to be a rigid body, with an outer surface consisting of a finite number of flat plates or facets. The i th facet has a total area A (i) . Its orientation relative to the SO body (B) frame is given by the unit-length basis vectors u 
where [δα×] is the standard cross product matrix formed from the error vector δα. 
B. Light Curve Observation Model
The apparent brightness magnitude, which is measured by the observer, is
where −26.7 is the apparent magnitude of the Sun, C sun,vis = 455W/m 2 is the power per square meter of visible sunlight striking the object surface, and F obs(i) is the fraction of the sunlight striking the i th facet that is reflected. F obs(i) is in turn calculated as
where F sun(i) is the fraction of visible sunlight that strikes the i th facet and is not absorbed. The fraction F sun(i) is given by
In Eq. (5), ρ total(i) is the total bidirectional reflectance distribution function (BRDF) for the i th facet, which is composed of a specular component ρ spec(i) and a diffuse component ρ diff(i) :
The BRDF used here, which is a modified version of the Phong model, is described in Refs. 17, 18. The specular component of the BRDF is
The constant k 1(i) is given by
where the parameters n u(i) and n v(i) are inputs to the reflection model that specify the distribution of the specular lobe in the u B u(i) and u B v(i) directions. For this analysis they are assumed to be n u(i) = n v(i) = 1000. The Fresnel reflectance F reflect(i) is approximated as
where R spec(i) is the surface material's specular reflectance at normal incidence. The numerator and denominator specular components ρ spec num (i) are
where the numerator exponent z is
Note that when n u(i) = n v(i) = n uv(i) , Eq. (11) simplifies to the attitude-independent expression z = n uv(i) . The diffuse part of the BRDF for the i th facet is
In Eq. (12), the constant k 2(i) is computed as
where R diff(i) is the diffuse reflectance of facet i. The only dependence of the brightness measurement equations on attitude is through the vectors u I n(i) , u I u(i) and u I v(i) , which specify the orientation of the reflecting facet. The SO shape model defines these vectors in the body (B) frame, and they must be rotated by the estimated attitude matrix A before they can be used in the model equations. Qualitatively, brightness m app is greatest when the SO attitude is such that the surface normal u I n(i) exactly aligns with the bisector u I h ; at this angle specular reflection dominates and the light is said to "glint" off the SO facet directly towards the observer. As the SO attitude varies relative to the glint direction, brightness decreases significantly. Figure 2 shows the value of m app for a variety of SO attitudes centered on the attitude at which glint occurs. Note that m app is defined such that lower numerical values correspond to brighter reflections and vice versa. The horizontal axes are the projections of the surface normal vector u I n(i) onto the plane normal to u I h in the pitch and roll directions, respectively. The SO/observer configuration for this example, as well as for the figures in later sections, is representative of an object near GEO orbit, but the general shape of the plot does not change significantly with orbit radius. 
III. Observability and the Fisher Information Matrix
The goal of the present study is to explore the observability of attitude from light curve measurements. In other words, it seeks to determine what information about attitude is contained within each observation of the brightness m app . Note that the restriction to a single observation makes this a static observability analysis; it does not directly address the performance of a filter acting on a series of brightness measurements with an assumed model of the SO dynamics. The present analysis is also a local observability analysis. That is, given some a priori estimate of the SO attitude, it investigates whether small errors in the attitude estimate relative to the true attitude can be detected in the observations. Attitude observability is studied via the Fisher information matrix (FIM). 20 The FIM is defined as
where p (y|x) is the likelihood function for the measurement y given the state x. The significance of the Fisher information matrix is that it provides a metric of the information about the state x contained in the observation y. Its inverse defines the Cramér-Rao lower bound 20 on the estimation error covariance P :
If the measurement model has the form y = h(x) + ν, where the measurement noise ν is distributed as a Gaussian with zero mean and covariance R, then the FIM calculations reduce to:
For the present analysis, the brightness measurements m app are assumed to have Gaussian noise with zero mean and a variance of σ 2 . The state vector of interest is the 3 × 1 vector of attitude errors δα, so ∂m app /∂δα for a single measurement of m app has dimension 1 × 3, and the FIM is a 3 × 3 matrix. Because the FIM is computed as the outer product of two vectors, it has a rank of 1 and two zero-valued eigenvalues. Its two nullspace vectors represent attitude error directions that are unobservable from a single observation. Section IV presents the partial derivatives that enter the calculation of ∂m app /∂δα, and seeks to determine the nullspace directions for an individual measurement.
IV. Attitude Observability
The goal of the following analysis is to determine what attitude information is provided by a single light curve measurement. To that end, the sensitivity matrix ∂m app /∂δα is computed. This 1 × 3 matrix plays the role of the partial derivative ∂h(x) /∂x in the FIM calculation of Eq. (16) .
Starting with Eq. (3), the partial derivative ∂m app /∂δα is calculated by repeated applications of the chain rule to the light curve model equations of Section II. Recall that attitude dependence arises in these equations only through the unit vectors u I n(i) , u I u(i) and u I v(i) , which specify the orientation of the reflecting i th facet. The SO shape model defines these vectors in body (B) coordinates, but they must be rotated by the attitude matrix A true to transform them to inertial coordinates before they can be used in the model equations. The true attitude A true is written in terms of the estimated attitude A and the attitude error δα, so the rotation introduces a dependence on δα. In the partial derivative calculations, only quantities which contain these rotated vectors have nonzero derivatives.
After performing the necessary operations, the resulting expression can be simplified by evaluating it at the point where the attitude error δα goes to zero so that A = A true . Under this assumption, the partial derivative is
where C n1(i) , C n2(i) , C u(i) , and C v(i) are scalars, given by
where the symbols
, and
have been defined for compactness. Note that the expression for C n2(i) is identical to the expression for C n1(i) , except with x Ai and x Bi interchanged. Likewise, C u(i) and C v(i) are identical, except with the dot products x ui and x vi and the parameters n u(i) and n v(i) interchanged. When n u(i) = n v(i) , as is assumed for this analysis, C u(i) = C v(i) = 0. Suppose also that all the reflected light comes from a single facet on the SO, so that the summations of Eq. (17) can be eliminated. If the individual scalar light curve measurements have noise with zero mean and variance σ 2 , then the FIM for a single measurement of brightness m app and a single reflecting facet is given by application of Eq. (16) and some simplification:
The FIM is formed by an outer product of the partial derivative vector with itself, so its nullspace is composed of two orthogonal vectors that lie in the plane orthogonal to ∂m app /∂δα. One of these nullspace vectors is aligned with u B n(i) , as is evident from the expressions in Eqs. (17) and (19) . This result makes sense: if the surface reflective properties are isotropic (n u(i) = n v(i) ), rotations around the surface normal vector have no effect on brightness and are thus unobservable.
The second nullspace vector can be found by re-examining Eq. (17) . Under the assumptions of an isotropic surface and zero attitude error, the remaining terms can be combined to write the partial derivative vector as a single cross product of u B n(i) and the sum C n1(i) u B obs + C n2(i) u B sun . Therefore, ∂m app /∂δα must be orthogonal to this sum. The second nullspace vector is just the projection of the sum vector onto the u − v plane, such that it is also orthogonal to u B n(i) . The two-dimensional nullspace of the FIM is thus given by
where the projection scalars β u(i) and β v(i) are computed as
The amount of attitude information provided by a single measurement depends strongly on the SO attitude itself, and how sensitive the brightness m app is to small changes relative to a particular attitude. One way to parameterize this "information magnitude" is by the (only) nonzero singular value of the FIM, which can also be computed as the square of the norm of ∂m app /∂δα, divided by the measurement variance σ 2 . This value is plotted in Fig. 3 for a variety of attitudes centered around the glint direction, as in Fig. 2 . The SO/observer configuration and the horizontal axes are the same as in that figure. In Fig. 3 , information magnitude is plotted on a log scale for easier visualization, with larger values corresponding to more information. Figure 4 presents an alternative visualization by plotting the magnitude of the partial derivative ∂m app /∂δα on a linear scale. Although it has the same horizontal axes as Fig. 3 , they are zoomed in so that only a small region near the glint direction is shown. From Figs. 3 and 4 , it is evident that information is maximized in two regions. First, attitudes near (but not exactly at) the glint direction produce large changes in brightness for very small changes in attitude. (When u I n(i) = u I h exactly, the derivative ∂m app /∂δα goes to zero, as seen in Fig. 2. ) Second, there is much information near the edges of the range of attitudes that reflect sunlight to the observer. These boundary attitudes, however, correspond to m app values that are very dim in Fig. 2 , so it might be harder to obtain such observations with the available sensors. 
V. BRDF Model Parameter Observability
The following equations give the partial derivatives of apparent brightness m app with respect to the parameters of the BRDF model: R spec(i) , R diff(i) , n u(i) , and n v(i) . The magnitudes of these scalar derivatives indicate the sensitivity of estimation algorithms based on light curve data to mismodeled surface properties.
After differentiating the model equations of Section II, the partial derivative of brightness with respect to the generic model parameter p is
If one assumes that light is reflected from only a single facet, the summations disappear and F obs(i) cancels. Next, the individual parameters are substituted into the derivative expressions, and terms are grouped to determine the partial derivatives with respect to each parameter. For p = R spec(i) , R diff(i) , n u(i) , and n v(i) , respectively, this works out to
If n u(i) = n v(i) = n uv(i) , then the combination of Eqs. (23c) and (23d) simplifies to
Except within a small range of attitudes near the glint direction, there is little or no specular reflection and ρ spec(i) << ρ diff(i) ≈ ρ total(i) . Consequently, several simplifications can be made. First, the sensitivities in Eqs. (23c) and (23d) are negligible and the specular parameters n u(i) and n v(i) are unobservable.
Furthermore, Eq. (23a) can be simplified as
which resembles the negative of Eq. (23b), especially if R diff(i) ≈ 1 − R spec(i) . In other words, in the absence of significant specular reflection, a decrease in R diff(i) has the same effect on brightness as an increase in R spec(i) , so the two parameters are not jointly observable. Because the fraction ρ diff(i) /ρ total(i) ≈ 1 except very close to the glint region, the partial derivatives ∂m app /∂R spec(i) and ∂m app /∂R diff(i) are nearly constant outside of that region. These qualitative characteristics can be seen in Figs. 5 and 6. Figure 5 shows the partial derivative ∂m app /∂R spec(i) for a range of attitudes near the glint direction, and Fig. 6 shows the partial derivative ∂m app /∂n uv(i) for the same attitude range, assuming that the surface is isotropic and n u(i) = n v(i) = n uv(i) .
Although not plotted here, ∂m app /∂R diff(i) is indistinguishable from the negative of ∂m app /∂R spec(i) in Fig. 5 . The range of attitudes on the horizontal axes is the same as that of Fig. 4 . Another interesting point, Fig. 4 in Section IV. The vertical scales of these plots differ by several orders of magnitude. One must keep in mind, however, that a typical error in the value of n uv(i) would be much larger than the magnitude of the attitude error or the errors in R spec(i) and R diff(i) . After accounting for such differences, the brightness m app would be approximately 10 times more sensitive to typical attitude errors than to typical parameter errors. This ratio could vary significantly for different SO/Sun/observer configurations and different surface properties.
VI. Conclusions
A static observability analysis was performed to determine the attitude information available from individual light curve measurements of a space object. Analytical calculations of the single-measurement Fisher information matrix enabled the determination of its nullspace. One of the nullspace vectors lies along the body-axis surface normal vector, and an analytical expression was developed for the other, less intuitive nullspace vector. The nullspace of the Fisher information matrix indicates perturbations in attitude that are undetectable from individual measurements of apparent brightness, although such perturbations may be observable by a filter that employs a model of the space object dynamics and processes a series of measurements. The light curve model parameters are not jointly observable in the static case except when attitude is very near the glint direction.
